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Abstract 

Using Mellin-Barnes integrals we give a method to compute a rele- 
vant subgroup of the monodromy group of an A-hypergeometric system 
of differential equations. Presumably this group is the full monodromy 
group of the system 

1 Introduction 

At the end of the 1980's Gel'fand, Kapranov and Zelevinsky, in [10], 
[11], [12], defined a general class of hypergeometric functions, encom- 
passing the classical one-variable hypergeometric functions, the Ap- 
pell and Lauricella functions and Horn's functions. They are called 
A-hypergeometric functions and they provide a beautiful and elegant 
basis of a theory of hypergeometric functions in several variables. For 
an introduction to the subject we refer the reader to [29], [5] or the 
book by Saito, Sturmfels and Takayama, [26]. We briefly recall the 
main facts. Let A C 1 r be a finite set such that 

1. The Z-span of -A is 17 . 

2. There exists a linear form h such that h(a) = 1 for all a e A. 

Let a — . . . , a r ) € K r . Denote A = {ai, . . . , a^v} (with N > r). 
Writing the vectors a^ in column form we get the so-called A-matrix 



A = 



/an a 12 ■■■ a 1N \ 

0,21 0,22 ■ ■ ■ a 2 N 



V a r i a r 2 • • • o r N / 
For i — 1,2, ... , r consider the first order differential operators 

Zi = anvidx + ai2v 2 d 2 H h a lN v N d N 

where dj = for all j. 
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Let 

L = ...,l N )eZ N \ hm + l 2 a 2 + ■■■ + l N a N = 0} 

be the lattice of integer relations between the elements of A. For every 
leiwe define the so-called box-operator 

■ 1H IK' 

The system of differential equations 

{Z t -a t )$> = (i = l,...,r) 
□1$ = 1 G L 

is known as the system of A-hypergeometric differential equations and 
we denote it by Ha((x). It turns out that the solution space of Ha(o:) 
is finite dimensional with dimension equal to the volume of the convex 
hull Q{A) of A. More precisely, 

Theorem 1.1 (GKZ, Adolphson) Suppose either one of the follow- 
ing conditions holds, 

1. the toric ideal I a in C[di, . . . , On] generated by the box operators 
has the Cohen- Macaulay property. 

2. The system Ha{o) is non-resonant. 

Then the rank of Ha(cx) is finite and equals the volume of the convex 
hull Q(A) of the points of A. The volume is normalized so that a 
minimal (r — 1) -simplex with integer vertices in h(x) = 1 has volume 
1. 

Let C (A) be the cone generated by the R>o-linear combinations of 
ai, . . . , &n • We say that an A-hypergeometric system is non-resonant 
if the boundary of C(A) has empty intersection with the shifted lattice 
a + 7L r . Theorem 1.1 is proven in [12], (corrected in [14]) and [1, 
Corollary 5.20]. 

Among the many papers written on A-hypergeometric equations 
there are virtually no papers dealing with the monodromy group of 
these systems. In the case of one- variable hypergeometric functions 
there is [8] which give an characterisation of monodromy groups as 
complex reflection groups. There is also a classical method to compute 
monodromy with respect to an explicit basis of functions using so- 
called Mellin-Barnes integrals, see F.C.Smith, [28]. A recent paper by 
Golyshev and Mellit, [15], deals with the same problem using Fourier- 
transforms of L-products. A recent paper by K.Mimachi [23] uses 
computation of twisted cycle intersection. 
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For the two-variable Appell system F\ and Lauricella's Fo mon- 
odromy follows from the work by E.Picard [25], T.Terada [31] and 
Dcligne-Mostow [9]. In T.Sasaki's paper [27] we find explicit mon- 
odromy generators for Appell Fi . They all use the fact that Lauricella 
functions of F^-type can be written as one-dimensional twisted period 
integrals and monodromy is a representation of a braid group. 

The two- variable Appell F 2 has been considered explicitly by M.Kato, 
[18]. The Appell F3 system has the same A-set as Appell F2, and 
therefore gives nothing new. Finally, the Appell system F4 has been 
considered completely explicitely by K.Takano [30] and later Kaneko, 
[17]. In Haraoka, Ueno [16] we find some rigidity considerations on the 
monodromy of F4. 

Finally, the complete monodromy of the Aomoto-Gel'fand system 
E(3, 6) has been determined by K.Matsumoto, T.Sasaki, N.Takayama, 
M.Yoshida in [21] and further properties in [22]. See also M.Yoshida's 
book 'Hypergeometric Functions, my Love', [32]. 

It is the purpose of the present paper to compute monodromy 
groups of A-hypcrgcometric systems by methods which are combina- 
torial in nature. We do this by starting with local monodromy groups 
which arise from series expansions of solutions of Ha(cx). It is well 
known that such local expansions correspond one-to-one with regular 
triangulations of A. This is a discovery by Gel'fand, Kapranov and 
Zelevinsky that we shall explain in Section 5. The local monodromy 
groups have to be glued together to build a global monodromy group. 
This glue is provided by multidimensional Mellin-Barnes integrals as 
defined in Section 2. If the Mellin-Barnes integrals provide a basis of 
local solutions (Assumption 4.5), the construction of the global group 
generated by the local contributions is completely combinatorial. We 
call this group IMon and denote the global monodromy group by Mori. 
We now make the following hypothesis 

Hypothesis 1.2 

IMon = Mon 

Assuming this hypothesis we can compute monodromy groups in 
a combinatorial way. As in [8] this description is up to common con- 
jugation of the monodromy matrices. If one would like to calculate 
monodromy matrices with respect to explicit bases of solutions one 
would have to find an explicit calculation of Mellin-Barnes integral as 
a linear combination of power series solutions. This is a tedious task 
which we like to carry out in a forthcoming paper. We remark that 
such a calculation has been carried out in the so-called confluent case 
(i.e. A docs not lie in translated hyperplane) by O.N.Zhdanov and 
A.K.Tsikh, [33]. In her PhD-thesis from 2009, Lisa Nilsson [24] intro- 
duced (non-confluent) A-hypergeometric functions in terms of Mcllin- 
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Barnes integrals and initiated their study. It is these integrals that we 
shall use. 

In the remainder of this paper we assume that the shifted lattice 
a + U has empty intersection with any hyperplane spanned by r — 1 
independent elements of A. In that case we say that the system is to- 
tally non-resonant. Note that this is stronger than just non-resonance 
where only the faces of the cone spanned by the elements of A are 
involved. Non-resonance (and a fortiori total non-resonance) ensures 
that our system is irreducible, see for example [13, Thm 2.11] or [6] 
for a slightly more elementary proof. Non-resonance also implies that 
A-hypergeometric systems whose parameter vectors are the same mod- 
ulo Z r have isomorphic monodromy, see [6, Thm 2.1], which is ac- 
tually a Theorem due to B.Dwork. Total non-resonance implies T- 
nonresonance for every triangulation T in the terminology of Gel'fand, 
Kapranov and Zelevinsky. In particular this implies that the local so- 
lution expansions will not contain logarithms. So local monodromy 
representations act by characters. We prefer to leave the case of loga- 
rithmic local solutions for a later occasion. 

2 Mellin-Barnes integrals 

Let notation be as usual with the additional notation d = N — r. This 
number will be the number of essential variables in the hypergeomctric 
system (e.g. d — 2 in the Appell systems), the other N — d variables 
exist for homogeneity purposes in the A-hypergeometruic setup. Define 
71, . . . ,7jv such that 71 ai + • • • + 77vajv = ct. We choose parameters 
s = (si, . . . , Sd) on L(M) = L ® K as follows. Choose a Z-basis for the 
lattice L and write the basis elements as rows of a d x TV matrix B, 
which we call the B-matrix. The matrix B has the property that it has 
maximal rank d and A.B is the zero matrix. The columns of B can be 
considered as coordinates of the linear forms on L or L ® R. Denote 
these columns by hj. Then the space L(M) C R N is parametrized by 
the iV-tuple (h»i ■ s, . . . , bjv • s) with s = (si, . . . , s<z) € R d as parameter 
vector. 

We now complexify the parameters Sj and consider the integral 

r N 

M(v u ...,v N )= FT r(- 7< - b, • s)v^ +Ws ds (MB) 

where ds = dsiA- ■ -Adsd and the integration takes place over Re(sj) = 
for i = l,...,d. This is an example of a so-called Mellin-Barnes 
integral. It will be crucial in the determination of the monodromy of 
A-hypergeometric systems. 
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3 Differential equations 

We prove the following Theorem, 

Theorem 3.1 Assume that -fi < for i = 1,2, ...,7V. Then the 
Mellin-Barnes integral M(v\ , . . . , vn) satisfies the set of A-hypergeometric 
equations Ha((x). 

This will be done under the assumption that the Mellin-Barnes 
integral converges absolutely. We come to the matter of convergence 
in the next section. 

Proof. The Mellin-Barnes integral clearly has the property 

M(t^v u . . . , t* N v N ) = t a M( Vl , ...,v N ) 

for all t G (C*)^. So M(v) satisfies the hypergeometric homogeneity 
equations. 

Now let A e L and put A = A+ - A_. Define |A| = |A,|. Then 

r N 

a x M( Vl ,...,v N ) = (-i)^' 2 TT r(- 7< -b i -s + A + >7 i+b< - , - A+ - i ds 

- (-l)l^/ 2 / \[\ -, b,-s ■ A „lr; " s A ,/s. 

Choose s\ such that • sa = Aj for i = 1, ... ,N. Then the second 
integral is actually integration over sa + \/— T K d of the integrand of 
the first integral. 

Because of the assumption ji < we see that — 7^— tbi-SA+A+,i > 
for all t e [0, 1] and i = 1, . . . , N. Hence the d + 1-dimensional domain 
{isA + iM d |0 < t < 1} does not contain any poles of the integrand and a 
homotopy argument gives that the two integrals are equal and cancel. 

□ 

Not all systems Ha(o) allow a choice of negative 7^. However, 
under the assumption of non-resonance it is known that two hyper- 
geometric systems Ha(o.) and Ha{ol') have the same monodromy if 
a — a' e U (see [6, Theorem 2.1]). We call such systems contiguous. 
Thus we can always replace an irreducible A-hypergeometric system 
by a contiguous one which does allow a choice of 7, < for all i. From 
now on we make this assumption, i.e all our Mellin-Barnes integrals 
are solution of an A-hypergeometric system. Of course there is also 
the question whether or not M(v\, . . . , Vn) is a trivial function. By 
Proposition 4.5 we will find that it is non-trivial. 
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4 Convergence 

We find from [2] the following estimate. Suppose s = a + bi with 
ai < a < a2 and \b\ — > oo. Then 

|r(a + W)| = V2^\b\ a ~ 1/2 e-^ b ^ 2 [l + 0(1/|&|)]. 

Notice also that for any v € C* we have |u° +6i | = \v\ a e~ baTS ^\. Write 
Sj = iTj for j = 1, . . . , N — r. Let us denote 8j — arg(wj) and lj(r) = 
lj(ri, . . . , tj). The integrand in the Mellin-Barnes integral can now be 
estimated by 



N 



nr(- 7 ,-b r #f +b - 



N 

< ci max \rj\ C2 exp I — ^(7r|bj • r|/2 — hj ■ r) 



where Ci , c 2 are positive numbers depending only on jj , . In order 
to ensure convergence of the integral we must have that X^LiMbj ' 
t\/2 + bj ■ r))0j > for every non-zero r e M d . We apply the following 
Lemma. 

Lemma 4.1 Given N vectors pi, . . . ,pjy in K d - Suppose they have 
rank d. Let q € R d . Then the following statements are equivalent, 

i) For all non-zero x G K d : 



|q- x l < l p 



AT 

■ X 

1=1 



iij TTiere eiisf fi\,. . . , /xjv wiiA — 1 < /Xj < 1 sucft fftaf 

q = /iipi H h unPn ■ 

Proof. First suppose that q = /iiPi + • • • + (InPn- Then, for all 
non-zero x e R d , 

AT 



|q- x l = lX^ p « 

i=l 
AT 



i=l 

AT AT 



i=l i=l 

To show the converse statement consider the set 

( N 



i=l 



i<m<i}. 
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This is a convex set. Suppose q V. Then there exists a linear form 
ft. such that /i(q) > h(p) for all p € V. In other words, there exists 
x G K d such that q • x > J2iLi^iPi ' x f° r au — 1 < < 1. In 
particular, 

N 

|q-x| >^| Pl -x| 

»=i 

contradicting our assumption. Hence qeF. 

□ 

Application of Lemma 4.1 to q = X^jLi ^jbj and pj = nbj/2 yields 
the following criterion. 

Corollary 4.2 Let notations be as above. Then the Mellin-Barnes 
integral converges absolutely if there exist in e (—1,1) such that 

N 8 1 N 

i=l 2—1 

Let us define = {j ^jbj|/ij e (—1, 1)}. This is a so-called 
zonotope in d-dimensional space. The convergence condition for the 
Mellin-Barnes integral now reads J2iLi *= %b- 

As an example let us take the system Horn G3. The set A is given 
by the columns of 

/ 2 1 -1\ 
A ~ 1^-1 1 2 J' 

The basisvectors (1, —2, 1,0), (0, 1, —2, 1) of L form the rows of a B- 
matrix 

1 -2 1 0\ 

1 -2 1 y • 

The parameter vector corresponding to G3 is (—a, —b). When a, 6 > 
it is easy to see that there exist negative 71 , . . . , 74 such that .A (71 ... 74)* 
(—a, —6)*. Let us assume we are in this situation. Thus the correspond- 
ing Mellin-Barnes integral is indeed a solution of the G3-system. The 
zonotope Zb can now be pictured as 
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and the convergence condition reads 

-!-(0i - 20 2 + 3 , 9 2 - 20 3 + 9 A ) G Z b . 

Note that the point (-0.4,-0.4) as well as (-0.4+ 1,-0.4) and 
(—0.4,-0.4 + 1) are contained in Zb- They correspond to the ar- 
guments (01,02,03,04) = 2tt(-0.4,0, 0,-0.4), 2tt(0.6,0, 0,-0.4) and 
27r(— 0.4, 0, 0, 0.6). These argument choices represent the same point 
in ui,t>2,«3,V4-space. Hence we have three Mellin-Barnes solutions of 
the system G 3 around one point. According to Proposition 4.3 these 
integrals are linearly independent, and hence form a basis of local so- 
lutions of the G3-system. We say that we have a Mellin-Barnes basis 
of solutions. 

Proposition 4.3 Let v = (v\, . . . , vn) <£ (C*)^ and let Q be a finite 
set of N -tuples 9 = (0i,...,0jv) such that Vi — |i>j|exp(0j) and the 
sums y~ X^i=i ^ibi are distinct elements of Zb- To each 9 G Q denote 
the corresponding determination of the Mellin-Barnes integral in the 
neighbourhood of v by Mg . 

Then the functions Mg are linearly independent over C. 

The proof of this Lemma depends on a <i-dimensional version or if 
one wants, repeated application, of the following Theorem. 

Theorem 4.4 (Mellin inversion theorem) Let<fi(z) be function on 
C satisfying the follwoing properties 

(a) 4> is analytic in a vertical strip of the form a < x — Re(z) < j3 
where a, f3 £ K. 

(b) \4>{x + iy)\dy converges for all x e (a, (3). 

(c) <t>(z) — > uniformaly as \y\ — > 00 ina + e<x<(3 — e for all 

£>0. 
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Denote for all 9 > 0, 

-i r-C+ioo 

f(0) = ^- / 9-*<f>(z)dz. 

Then, 

POO 

4>{z) = / e z - 1 f(e)d9. 

Jo 

For a proof of this theorem see [20, Appendix 4, p341-342]. A treatment 
of the multidimensional case can also be found for example in [3] . 

Proof of Proposition 4.3. Suppose we have a non-trivial relation 
J2$ee ^sMg = 0. Let us use the notation (9 ■ b)(s) = 9 t bi • s + • • • + 
#Arbjv • s. The relation can be written as 

o= / ( VA fl / b »< s ' ) | W1 | bi - s ...| VJ vi b "- s rrr(- 7J -b,.s)ds 

JseV=TR d \eee / i=i 

Let us now write Xj = \vi\ blj ■ ■ ■ \vN\ bNj where bij are the entries of the 
B-matrix. Then 

M bl ' s ---M bN ' s = x{ 1 ■■■x 3 / 

By repeated use of the Mellin inversion Theorem 4.4 we conclude that 
the vanishing of the integral implies the identical vanishing of 

see 

Since the exponentials are all distinct functions of s\, . . . , this implies 
that \ B = for all 9 e 6. 

□ 

An alternative proof of Proposition 4.3 can be found in [24, Lemma 
5.5]. 

Since we assume that 7i < for all i, all Mcllin-Barnes integrals are 
solutions of the corresponding A-hypergeometric system. It would be 
very convenient if such a basis of solutions given by Mellin-Barnes inte- 
grals would always exist. It turns out that with the exception of Appcll 
F 4 all d = 2 systems Appell Fi , F 2 , F 3 and Horn G\ , Gi , G3 , Hi , . . . , H 7 
this is the case. A theoretical framework for a result like this may 
be provided in the PhD-thesis of Lisa Nilsson [24] suggesting that 
there does indeed exist such a basis if the complement of the so-called 
coamoeba of the A-resultant is non-empty. In [24] this is elaborated 
for the case d — 2. 

Let us now make the following assumption on our system Ha(cx). 
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Assumption 4.5 There exists a point v e (C*) N around which we 
can find a Mellin-Barnes basis of solutions. 

For the practical determination of a Mellin-Barnes basis we use the 
following Proposition. 

Proposition 4.6 Let Ha(o) be a totally non-resonant system of rank 
D. The system allows a Mellin-Barnes basis of solutions if and only 
if the zonotope Zb contains D distinct points t\,...,td whose coordi- 
nates differ by integers. 

Proof. From the discussion above it follows that the existence 
of a Mellin-Barnes basis corresponds to the choice of D TV-tuples 
(#i,...,#/v) representing argument choices of a given point. Hence 
the differences between these iV-tuples have coordinates which are in- 
teger multiples of 2tt. The sums ^ J2iLi are distinct, hence the 
D Mellin-Barnes basis elements correspond to D points r, € Zb whose 
coordinates differ by integers. 

Suppose conversely we have D points n e Zb whose coordinates 
differ by integers. Since the Z-span of the columns hi is Z d we can 
find for every i integers na, . . . , riiN such that Tj — t\ = nubi + • • • + 
"iAfbjy. So if (0i, . . . ,6n) is an argument choice for n, then the TV- 
tuples (#i + 27mii, . . . , 0jv + 2nni]y) represent argument choices for Tj 
with i = 1,2,..., AT. 

□ 

In practice we proceed as follows. We assume that there exists / C 
{1, . . . , N} of cardinality d such that det(bi)i S / = ±1. This happens 
in almost all cases of interest. Then to any r € Zb we can choose 
(0i, . . . , 9jy) with 9i = for alii £ I such that 2itt — J2iLi From 
the determinant condition it follows that integer coordinate differences 
for the points r correspond to integer coordinate differences in the 
0i/2n. 



5 Power series solutions 

Consider the system Ha(cx) and a formal solution 



n'i+T 1 . . . „ i N+7N 



N 



, L r(ii + 7i + i)"-r(j JV + 7j V + i) 

where 7 is chosen such that a = 71 ai + • • -+^nSi n . This series expan- 
sion is a Laurent series multiplied by generally non-integral powers of 
the variables Vi. We call such a series a twisted Laurent series. As is 
well-known we have the freedom of choice in 7. We shall use this free- 
dom in the following way where, again, we denote the columns of the B- 
matrix by b^. Choose a subset I C {1,2,..., Af} with |7| = d = N — r 
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such that bj with i € I are linearly independent. It is known that 
| det(bj)j £ /| = | det(aj)j£/| and we denote this quantity by Aj. Choose 
7 such that 7$ £ Z for all i g J. There are precisely A/ such choices 
for 7 which are distinct modulo L. The series $ now reads 

v h+n v h+-yt 

$7= SS r ^+^ +i ) x S r ^+^ +i ) 

Since 7* e Z for alii £ I this summation extends over all 1 with "fi+h > 

for all i £ I. The other terms vanish because l/Tfa + li + 1) = 
whenever 7^ -Mi is a negative integer for some % £ I. Hence $ 7 is now 
a twisted power series. Let us fix such a choice of 7. It is not hard to 
see that for 7- values which are distinct modulo L, the corresponding 
twisted power series are linear independent over C. 

Let now pi, . . . , pjy be any iV-tuple with the property that p\l\ + 
■ ■ ■ + PnIn > for any non-zero lei with h > for all i £ I. Then, 
according to Theorem [5, Proposition 16.2] or [29, Section 3.3,3.4], the 
series $ 7 converges for all vi,...,Vn with Vz : \vi\ — t pi and t £ M>o 
sufficiently small. We call such an TV-tuple p\,...,pN a convergence 
direction of $ 7 . 

There is one important assumption we need in order to make this 
approach work. Namely the garantee that none of the arguments jj+lj 
is a negative integer when j ^ I. Otherwise we might even end up with 
a trivial series solution. Notice that 

N 

So if 7j £ Z for some j £ I, the point a lies modulo 7L r in a space 
spanned by the d — 1 remaining vectors a^. Under the assumption of 
total non-resonance this situation cannot occur. 

So we recall our assumption that Ha(cx) is totally non- resonant. 
We denote the set of all sets I such that A/ = |det(bi)i 6 /| 7^ by 
I. We agree that we allow s = A/ copies of / in this list. To each 

1 £ I there corresponds a choice of 7 and we see to it that all these 
choices are distinct modulo L. So to an index set I which occurs s 
times there correspond s choices of 7 that arc distinct modulo L. The 
corresponding powerseries solutions are denoted by $/. 

Choose I £ I and a convergence direction p = (pi, . . . , Pn) such 
that pili + • • • + PnIn > for all non-zero 1 £ L with Vz £ I : k > 0. 
We can consider p as a linear form on L ® R and hence as an element 
in the span of the columns b^ of the B-matrix. From the positivity 
condition we infer that p must be in the strictly positive cone spanned 
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by the forms given by b i; i £ I. Let us denote 




Then the convergence directions with respect to I are given by the 
elements of b/. Conversely, fix an element p in the span of all b^ 
which does not lie on the boundary of any hj. Define T(p) = {I\p £ 
hi}. Then, by the theory of Gel'fand, Kapranov and Zelevinsky the 
powerseries $/ with I £ X(p) form a basis of solutions with a common 
open region of convergence. We call such a set a basis of local solutions 
of Ha{q). It also follows from the theory that the sets l(p) are in one- 
to-one correspondence with the regular triangulations of the set A. 
This correspondence is given by T{p) i-> {I C \I £ I(p)}. 

The intersections of b/ define a subdivision of R d into open convex 
polyhedral cones whose closure of the union is R d . This is a polyhedral 
fan which is called the secondary fan. The open cones in the secondary 
fan arc in one-to-one correspondence with the bases of local series 
solutions. 

Suppose we have a basis of local series solutions and suppose they 
converge in an open neighbourhood of a set defined by | vi | = r i , . . . , | vn | 
rjv with T{ > for all i. Let 7W, . . . ,7^ be the choices of 7 used 
in the construction of the local series solutions $1, . . . , <£>£>. Given any 
iV-tuple of integers m, . . . , rijv we define the closed path c(ni, . . . , rijv) 

by 

(ne 27 ^ 1 nit , . . . , r N e 2n ^ nNt ), t £ [0, 1]. 
Taking (n, . . . , rjv) as a base point, the series $j changes into 

exp(27i-y^T (ni^[ j) H h iijv7^)) = cxp(27i-y^T n • 7 (j) ) 

times $j after analytic continuation along c(n\, . . . , njy). The group 
of these substitutions is called a local monodromy group with respect 
to $1,..., $d. 

6 Monodromy computation 

Suppose our system Ha{o) allows a Mellin-Barnes basis of solutions 
(Assumption 4.5). Denote the basis elements by Mi, . . . , Mjj and the 
corresponding points in Zb by n, . . . , td. It is the goal of this sec- 
tion to compute the local monodromy groups with respect to the basis 
Mi , . . . , Md . To this end we shall determine the transition matri- 
ces from Mi , . . . , Md to each of the bases of local series expansions 
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To each point n there corresponds a (not necessarily unique) choice 
of arguments = (Arg(w 1 ), . . . , Arg(vjy)) for i = 1, . . . , D. We as- 
sume that the arguments are chosen such that the differences 0^ — 01 
have all their components equal to integer multiples of 2tt (see the 
comments following Proposition 4.6). Let v £ (C*) N be a point where 
we have a Mcllin-Barnes basis of solutions. The Mcllin-Barnes integral 
corresponding to the argument vector <di is denoted by Mj. 

For any iV-tuple of integers n = (m, . . . , njv) we consider the loop 

c = c(n)=c( ni ,...,n N ): (e 2w ^ =Tnit )«i, . . . , e W=W) } ie[0,l]. 

Note that after analytic continuation of Mi along the path c((Qj — 
0i)/27r) we end up with the Mellin-Barnes solution Mj for every j. 
We denote this path by Cj. 

Now let p be a convergence direction and consider the correspond- 
ing basis of local powerseries solutions. Suppose that the realm of 
convergence of the local series expansions contains the points with 
|t>i| = r,, for all i. Choose a path from v to a point on \vi\ = r» by 
keeping the argument values fixed. Then follow the loop Cj and finally 
return to v. We perform analytic continuation of all Mi along this 
composite path which we call Cj again. Let us denote a basis of local 
series expansions by /i , . . . , /d and the corresponding choices of 7 by 
7W, . . . , "f( D \ Then there exist scalars pi such that 

Mi = pifi H h Pd/d- 

After continuation along Cj the integral Mi changes into Mj for ev- 
ery j. Under the paths Cj the local expansions fi are multiplied by 
scalars. The space spanned by M\,...,Md is D-dimensional. The 
space spanned by the images of p\f\ + ■ ■ ■ + pdId under Cj,j — 
1, 2, . . . , D is at most equal to the number of non-zero pi. Hence we 
conclude that pi ^ for all i. Let us renormalise the fi such that 

M 1 = f 1 + --- + f D . 

Then after continuation along Cj we get 

M . = e V=r { e,-e 1 y^ fi + . . . + e ^r (e.-eoV^^ 

for every j . Define 



I _ 1 _ 1 \ 

e V=T (e 2 -ei)- 7 (1) ... e \/=T (e 2 -e 1 )-7 (D ' 

y e v^T (e D -ei)-7 (1) ... e v^T (e D -ei)- 7 (£>) / 
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Then 




hence X p is the desired transition matrix. Let x be a diagonal D x D- 
matrix which is in the local monodromy representation of /i , . . . , /d ■ 
With respect to Mi , . . . , Mjj this monodromy element has matrix XpxX^ 1 . 
Thus we see that all local monodromies can be written with respect to 
a fixed Mcllin-Barncs basis. 



7 Hermit ian forms 

Theorem 7.1 Let Ha(cx) be a non-resonant A-hypergeometric system 
with a G W . Let V be a vectors-pace of local powerseries solutions. 
Then there exists a non-trivial unique (up to scalars) Hermitean form 
on V which is invariant with respect to the monodromy group of the 
system. 

Proof. In [7] we find that the solution space can be given by 
integrals over suitable cycles of integration (generalised Pochhammcr 
cycles) or over twisted (or loaded) cycles in the sense of Kita and 
Yoshida [19]. The Hermitean form arises from the intersection form on 
these cycles. □ 

Suppose that a G W and that Ha{oi) is totally non-resonant. Sup- 
pose also that we have a Mellin-Barnes basis of solutions. It is the 
purpose of this section to find explicit expressions for this Hermitean 
form with respect to the Mellin-Barnes basis. 

Let us recall the notations b/,2" from Section 5. To each I E I 
there is associated a choice of 7 which we denote j 1 . Let @i, . . . , ©d € 
M. N be the argument vectors corresponding to the Mellin-Barnes basis 
elements Mi , . . . , Md ■ To each I € 1 we associate the vector 

Xj = (1, cxp(V^T (0 2 - ©1) - 7 7 ), • • • , exp(^T (Q D - Q^-j'f e C D . 

(1) 

Vectors of this form arc the column vectors of the transition matri- 
ces X p from the previous section. 

To every monodromy element we associate g € GL(n, C) such that 
the monodromy substition has the form (Mi, . . . , M^) f — > g{M\, . . . , Md)*. 
By Theorem 7.1 there exists a Hermitean nx n- matrix H (i.e. H = H) 
such that #* H g = H for all monodromy matrices g. 

Proposition 7.2 Let notations be as above. Let I,Jg1 and suppose 
that hi and bj have a point in common. Then Xi,Xj are orthogonal 
with respect to H, i.e X jHXi = 0. 
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Proof. Given a basis of local solutions we have seen in Section 
6 that the local monodromies with respect to the Mcllin-Barnes basis 
have the form g = XpxXp 1 where % is a diagonal matrix representa- 
tion with entries n € Z N — > (exp(27iV— 1 n • 7^ 1 - 1 ), . . . , exp(27iV— 1 n • 
r y( D '))). We first show that all these characters are distinct. Suppose 
cxp(27iV^Tn-7( fe )) = exp^TV^Tn^W) for all n e Z w . This implies 
that 7^) = 7«(mod Z N ). Since also 7W - e L <g> M we conclude 
that 7^ — e L and hence fc = Z. 

Let p be a common point of bj and bj and consider the corre- 
sponding basis of local power series solutions indexed by I p . With the 
notation from Section 6 we proceed by rewriting ~g l Hg — H as 

(jt p )-\- x lt p HX P xX; x = H. 

This implies x~ 1 X p HX P x = X p HX p . Since x consists of distinct 

characters on its diagonal we conclude that X p HX p is a diagonal ma- 
trix. Hence the columns of X p are orthogonal with respect to H. In 
particular Xi, Xj are orthogonal with respect to H. □ 

A question is whether the orthogonality property of Proposition 
7.2 suffices to determine H uniquely (up to a scalar factor). Also, 
to determine H completely we need to know the values of XjHXi 
for every I. So far we have not been able to answer these questions. 
Instead we end with the following conjecture. 

Conjecture 7.3 The orthogonality properties from Proposition 7.2 
suffice to determine H up to a scalar factor. Furthermore, after suit- 
able normalisation of H we have for every I G I that XiHXj = 

Consequently this conjecture implies that the signature of the her- 
mitian form H is determined by the signs of the values of Yliai s ^ n ( n li ) 
as I runs through the elements of I(p) for some convergence direction 
P- 

8 An example, G3 

Recall that the A-matrix for Horn's system G3 reads 

(-10 1 2 \ 
\2 lO-l) 

and the parameter vector is (—a, —6)*. The B-matrix is given by 

»-(! ? l) 
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The formal solution series reads 

E 



,,P+7i,,-2p+g+72„p-2g+73 ,,9+74 



Tip + 71 + l)r(-2p + q + 72 + l)r(p - 2g + 73 + l)r(g + 74 + 1) 

where ^(71, . . . , 74)* = (—a, —6)*. To get a power series we choose 71 = 
74 = for example. This implies that we must take 72 = —b, 73 = —a. 
We get 

d> = v- b V- a V (t'1^2~ 2 ) P (f2^3~ 2 )' ? 

°'" 6 '" a '° 2 3 ^r(p + i)r(-2 P + g -& + i)r(p-2 (? - a + i)r( (7 + i)- 

This is a power series expansion in x = ViVs/v 2 , y = v 2 v i /v 2 since only 
terms with p, q > are non-zero. Using the identity T(z)T(l — z) = 
ir/ sin(7T2;) this implies 

*o,-6,-o,o = sm(Tra) sin(7r6)w 2 % 3 ^ — Vi (-z) P (-y) 9 - 

P,9 

This is, up to a factor, the classical series Gs(a, b, —x, —y). 

Let us now take 72 = 73 — 0. Then 71 = —(a + 26)/3 and 74 = 
-(2a + 6)/3. We get 

1 -(o+26)/3 -(2a+6)/3 „ P a 

®-(o+26)/3,0,0 ,-(2o+6)/3 = «1 V X Z^Cpq^ V 

P,Q 

where the coefficients c pq are product of inverse T-values. The c pq 
all vanish outside the region with — 2p + q > 0,p — 2q > 0. Putting 
m = — 2p + q,n = p — 2q we get that p = —(2m + n)/3 and g = 
-(m + 2n)/3. So = (a;- 2 y- 1 ) m / 3 (a;- 1 y- 2 )™/ 3 and wc essentially 
have a power series in the variables x~ 2 y~ x and x _1 y _2 . Similarly we 
have for e e { — 1, 1}, 

, -(a+2h-2e)/3 £ -(2o+6-e)/3 V Q 

$-(a+2(6-e))/3,e,0 ,-(2o+(6-e))/3 = V « 2 V C pg xV- 

P>9 

Let us also write down all other possibilities, 



which is a summation over all integers p, q with — 2p + q >,p — 2q > 0, 
and hence a power series in xy 2 and y. 



P,9 
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which is a power series in x, x 2 y. For e e {0, 1} we have 

i -6-(a+e)/2 € (a+e)/2 » o 

$0,-6-(a+e)/2,6,(a+e)/2 = <> 2 W 3 W 4 X ^VV' 

which is a summation over p>,p — 2q + e > and essentially a power 
series in x, x 2 y. Finally we have for e <G {0, 1}, 

i -(6+e)/2 e -a-(6+e)/2 „ „ 

$-(6+e)/2,e,-a-(6+e)/2,0 = "l «2«4 X 2^ C PQ X V^ 

which is a summation over q > 0, q — 2p + e > and essentially a power 
series in y, y 2 x. 

So the set X consists of 10 elements, 3 times {2, 3}, 2 times {1, 3}, 2 
times {2, 4} and the three sets {1, 4}, {1, 2}, {3, 4}. Here we numbered 
the columns of B by 1,2,3,4. Here is a table with the corresponding 
values of 7. 





J 


y 


1 


(2,3) 


{-a- 26, 0,0, -2a- 6)/3 


2 


(2,3) 


(-a -26 -2, 3,0, -2a- 6- l)/3 


3 


(2,3) 


(-a -26 + 2, -3, 0, -2a - 6 + l)/3 


4 


(1,3) 


(0,-6- a/2,0, -a/2) 


5 


(1,3) 


(0,-6-(a+l)/2,l,-(a+l)/2) 


6 


(2,4) 


(-6/2,0, -a - 6/2,0) 


7 


(2,4) 


(-(6 + l)/2,l,-a-(6 + l)/2,0) 


8 


(1,4), 


(0,-6,-a,0) 


9 


(1,2), 


(0,0, -a - 26,6) 


10 


(3,4) 


(a, -6- 2a, 0,0) 



As noted earlier, the zonotope Zb contains the three points (—0.4, — 0. 
(—0.4,0.6), (0.6,-0.4) corresponding to the argument choices 

^ = (-0.4,0,0,-0.4), ^ = (0.6,0,0,-0.4), ^ = (-0.4,0,0,0.6). 

Note that we have seen to it that the second and third components are 
zero. We can now form the vectors Xj defined in (1), we list them in 
the order of the previous table and use the notation e(x) = e 27r v^" x . 
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J 


1 


(2,3) 


2 


(2,3) 


3 


(2,3) 


4 


(1,3) 


5 


(1,3) 


6 


(2,4) 


7 


(2,4) 


8 


(1,4) 


9 


(1,2) 


10 


(3,4) 



Xj 

(l,e(-(a + 26)/3),e(-(2a + 6)/3)) 
(1, e(-(a + 2b + 2)/3), e(-(2a + & + l)/3)) 
(1, e(-(a + 26 - 2)/3), e(-(2a + b - l)/3)) 
(l,l,e(-a/2)) 
(l,l,-e(-a/2)) 
(l,e(-6/2),l) 
(l,-e(-6/2),l) 

(1,1,1) 
(1,1, e(6)) 

(l,e(a),l) 



To write down local monodromies we select the loops c\ and C4, 
where a denotes the loop as we let Vi circumscribe a circle = r. 



while keeping the other fixed, 
which $,/ changes are denoted by 



The corresponding characters by 
Xjs an d Xja- 





J 


XJ.i 


XJ,4 


1 


(2,3) 


e(-(a + 2&)/3) 


e(-(2a + 6)/3) 


2 


(2,3) 


e(-(a + 26 + 2)/3) 


e(-(2a + 6+l)/3) 


3 


(2,3) 


e(-(a + 26-2)/3) 


e(-(2o + 6- l)/3) 


4 


(1.3) 


1 


e(-a/2) 


5 


(1,3) 


1 


-e(-a/2) 


6 


(2,4) 


e(-6/2) 


1) 


7 


(2,4) 


-e(-6/2) 


1 


8 


(1,4), 


1 


1 


9 


(1,2), 


1 


e(6) 


10 


(3,4) 


e(a) 


1 



As an example for the action of c\ on a local basis we take the 
three local basis solutions corresponding to J = (2,3). The transition 
matrix consists of the first three vector Xj from the above table, 



1 1 1 

X= | e(-(o + 26)/3) e(-(a + 2& + 2)/3) e(-(a + 26 - 2)/3 
i e(-(2a + 6)/3) e(-(2a + 6 + l)/3) e(-(2a + 6- l)/3) / 

For the path c\ we get the monodromy matrix 

/l \ / 10 

e(-(2a + 6)/3)X w X 1 = e(-6) 

\0 cj 2 / \e(-a-6) 

with respect to the Mellin-Barnes basis, where cu — e(l/3). For C4 we 
get 

1' 

e(-a-b) 
e(-o) 
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As a second example take the local basis corresponding to the sets 
J = (1, 4), (1, 2), (3, 4). The local monodromy for c\ is given by the di- 
agonal matrix with diagonal entries (1, 1, e(a)) and for C4 by (1, e(b), 1). 
The local transition matrix X reads 



X = 



For the monodromy matrices with respect to the Mcllin-Barnes basis 
we get 



and 



In all there are four bases of local solutions yielding 8 monodromy 
matrices. Let G be the group generated by these matrices. By letting 
the other variables run through circles we essentially get elements of 
G again, possibly multiplied by scalars. This has to do with the ho- 





mogeneity property $(t ai ui, . . . , t ajv ) = t Q $(ui, . . 



,v N . 



for solutions 



of A-hypcrgeometric systems. 

According to Proposition 7.2 there exist orthogonality relations be- 
tween the vectors Xj. This can be pictured in the following graph, 
where we use the numbering from Table 8, and where two nodes are 
connected if the corresponding Xj are orthogonal according to Propo- 
sition 7.2 (it turns out that there are no more orthogonalities but this 
must verified). 





It turns out that, up to a scalar there is a unique Hermitean matrix 
which makes these Xj orthogonal. Up to a scalar factor it equals 



(l + e(a + b) -e(a + b) -e(a + b) \ 
-1 l + e(a + b) -e(o) 

-1 -e(b) l + e(a + b)J 
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9 Another example, E(3, 6) 

The system Aomoto-Gel'fand system E(3, 6) forms the subject of the 
second part of M.Yoshida's book [32]. It is the system that corresponds 
to configurations of six points (or lines) in P 2 . We start by giving the 
A-matrix of the system, 

/0 1001001 0\ 

1 1 1 ' 

1 1 1 
1 1 1 

Vo 1 1 l/ 

and the parameters (ai, a 2l 2 — a 4 , 2 — a 5 , 2 — a 6 ). The integrand of 
the Euler integral as defined in [7, p 607] reads 



„ai-lj-ct 2 -l + l- Q 4 j-l-«5 jl — ae 



l-h(s + t + l) - t 2 (s + vit + v 3 ) - t 3 (s + v 2 t + Vi) 



dsAdtAdtiAdt 2 Adt 3 



Perform the substitutions t\ — > t\/{s + t + 1), t 2 — > t 2 j (s + v\t + v 3 ) 
and *3 -4- t 3 /(s + v 2 t + V4). We obtain the integrand 



Y[(L i ) ai ~ 1 ds A dt A dti A dt 2 A dt 3 



where 

Li = s, L 2 = t, L 3 = l, L 4 = s + t + 1, 

L5 = s + wit + v 3 , L e = s + v 2 t + Vi 

and a 3 = 2> — a.\ — 0,2 — 0,4,-0.5 — (Xq. Integration with respect to t\ , t 2 , t 3 
leaves us with a 2-form which is the integrand given on page 221 of [32] , 
but with Vi instead of x % . Thus we see that our A-matrix corresponds 
to a Gel'fand-Aomoto system which is associated to configurations of 
six lines in P 2 . The system is a four variable system of rank 6. It is 
irreducible if and only if none of the Oi is an integer, see [22, Prop 2]. 
A possible B-matrix reads 



B 




-1 1' 

0-110 

-10 1 

-1 1 0, 



The set 1 consists of 81 sets, and hence 81 distinct local solutions. The 
number of local solution bases is 108. In a straightforward manner one 
can check that the B-zonotope Zb contains the points 



p,p+(0, 0, 0,l),p+(l,0,0,0),p+(l,0,l,l),p+(l, 1,0, l),p+(l, 1,1,1) 
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where p = (-0.9,-0.4,-0.5,-0.7). Hence the system £7(3, 6) has a 
Mellin-Barnes basis of solutions. Computation of a set of generators 
for the monodromy group IMon is now straightforward. Computation 
shows that there is a unique invariant Hermitean form (up to a scalar) 
for IMon. Presumably IMon = Mori. It turns out that this form 
satisfies Conjecture 7.3. For the computation of the signature we fix a 
local basis of solutions and compute the corresponding 7-parameters 
of the solution series. In order to choose a local basis we must specify 6 
subsets of 4 column vectors bj from the B-matrix whose positive cones 
have a point (convergence direction) in common. We choose 

{b 5 ,b 6 ,b 8 ,b 9 }, {bi,b 5 ,b 6 ,b 8 }, {b l7 b 5 , b 7 , b 8 } 

{bi,b 3 ,b 5 ,b 6 }, {bi,b 3 ,b 6 ,b 7 }, {bi, b 3 , b 7 , b 8 } 

Each of these sets generate a positive cone which contains the point 
(0.4, 0.5, 0.65, 0.7) in its interior. Each set represents a solution series 
corresponding to the following 7-parameters written in column form 



2-A 

ai ot\ u\ 2 — a4 2 — 0:4 2 — 0:4 

a 2 2 — ol\ — 0,4 2 — ol\ — 014 

2 - a 5 2 - a 5 3 + a 3 2 - a 5 3 + a 3 3 + a 3 

-2 + ai+a 4 -1 - a 3 - a 5 

-l-a 3 -a 5 -2 + a 2 + a e 

2 — a 6 1 + a 3 + 0:5 1 + a 3 + 0*5 

2 - a 6 -2 + ai + a 4 2 - a 2 - a 6 

-2 + A a 2 2-a 6 a 2 



where A = an + a 2 + 014 and a 3 = 3 — a\ — ol 2 — ol\ — 0:5 — olq. Let us sec 
what Conjecture 7.3 (verified in this case) says about the signature. 
By contiguity we can assume that < cti, a 2 , c*4, 0:5, a% < 1. The 
signature is then determined by the signs of 

sin it A 

sin n(ai +0:4) sin ir(a 3 + 015) sin irA 
sin7r(ai + a±) sin7r(a 3 + a^) sin7ro! 3 
sin 7r(a 3 + a 5 ) sin n(ai + 04) 
sin n(ai +04) sin ir(a 2 + olq) sin 7ra 3 
sin 7r(a 3 + a 5 ) sin n(a 2 + sin 7ra 3 

The sum 3 — a 3 = ot\ + a 2 + 014 + a§ + a@ lies strictly between and 5. 

Let us assume it is between and 1. Then all the above products 
are positive and we get signature (6, 0). 

Let us assume 3 — a 3 is between 1 and 2. Then sin7ra 3 is negative. 
Suppose sin7r(ai + 0,4) and sin7r(a 3 + as) have opposite sign. Then 
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the first two of the sin-products have opposite sign, as well as products 
number 3 and 4 and products 5 and 6. Hence the signature is (3,3). 
Now suppose that sin n(a\ +0:4) and sin7r(a3 +0:5) have the same sign. 
Suppose they are both positive, then necessarily, < ot\ + a 4 < 1 and 
2 < a 3 + 015 < 3. From the last one we get < a\ + 0:2 + c*4 + 01% < 1- 
Hence < ai + a 2 + a 4 < 1 and < a 2 + a 6 < 1. Hence the signs 
are 1,1,— 1,1,— 1,-1 so the signature is (3,3). Finally suppose that 
sin7r(o!i +014) and sin7r(a3 + 0:5) are both negative. Then, necessarily, 
1 < ai + a 4 < 2 and 1 < o 3 + a 5 < 2. From the last one we infer 
1 < a.\ + a 2 + a 4 + a & < 2. From these inequalities it follows that 
1 < ai + a 2 + a 4 < 2 and < a 2 + o 6 < 1- The signs now read 
— 1,-1,-1,1,1,1. Again we see that the signature is (3, 3). 

Let us assume that 3 — a 3 lies between 2 and 3. Then sin7ra 3 is 
positive. Suppose sin7r(o! 1 +014) and sin7r(ai3 + a§) have opposite sign. 
Then the signs on place 3 and 4 arc —1. The first two signs will be 
opposite and the signs on positions 5 and 6 will also be opposite. Hence 
we get signature (4, 2). Suppose sin7r(ai + a 4) and sin7r(a3 + 015) are 
both positive. Then < a\ + a 4 < 1 and < 013 + 0:5 < 1. The 
last one implies 2 < a\ + a 2 + a 4 + a 6 < 3. Hence 1 < a 2 + a 6 < 2 
and 1 < u\ + a 2 + a 4 < 2. We get the signs —1, —1, 1, 1, —1, —1 and 
signature (4, 2). Finally suppose sin7r(ai + 0:4) and sin7r(a3 + 05) are 
both negative. Then 1 < a\ + a 4 < 2 and 1 < a 3 + a 5 < 2. The latter 
implies 1 < cti + 0:2 + QJ4 + ctg < 2. And so 1 < a\ + a 2 + 014 < 2 
and < a 2 + < 1. Hence we get the signs —1, —1, 1, 1,-1,-1 and 
signature (4, 2). 

When 3 — 0:3 exceeds 3 we can apply similar arguments or note that 
we might as well consider the system with 1 — a\,l — a 2 ,l — 0:4, 1 — 
o: 5 , 1 — a 6 whose monodromy group is isomorphic with the complex 
conjugate of the original group. 

Thus we conclude that, under the assumption < a\, a 2 , a 4l 0:5, a§ < 
1 we have the following table 

[ai + a 2 + a 4 + as + a§\ signature 



~ ' ' (6,0) 

1 (3,3) 

2 (4, 2) 

3 (3,3) 

4 (6,0) 



This is accordance with [22, Prop 1] (except for a small printing 
error). Note that signature (5, 1) does not occur. 

10 Another example, Lauricella Fd 

Consider the set A C Z d+2 given by 

{ei, e 2 , . . . , e d+2 , e± + e 2 - e d+2 , ei + e 3 - e d+2 , . . . , ei + e d+i - e d+2 }. 
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Here d is the actual number of classical variables, so d = 2 in the 
Appell case Fi. The parameter vector reads (— a,— £>d,c — 1). 
A possible B-matrix is given by 



B 



(- 1 

-1 



-1 
-1 



1 1 
1 1 



V-i o 







-110 







1/ 



Denote the columns by bi, b2, . . . , Since the last d+1 columns 

equal minus the first d+1 columns, the B-zonotope consists of all 
points 



{Aibi + A 2 b 2 



Ad + ib d+ i| - 1/2 < Xj <l/2} 



Consider the point (x\, . . . , Xd) in Zb with 1/2 > x\ > X2 > ■ ■ ■ > Xd > 
0. Then the d points (x\ — 1, x 2 , ■ ■ ■ , Xd), (xi — 1, x 2 — 1, Xs, . . . , Xd) 
untill {x\ — 1, X2 — 1, • • • , Xd — 1) are also in Zg. Hence there exists a 
Mellin-Barnes basis of solutions for the Lauricella system Fr> . 

We now select a local basis of solutions. Choose a convergence 
direction p = (pi, . . . , pd) with < p\ < p 2 < ■ ■ ■ < pd in the column 
space of B. Then 

(Pi, • • • > Pd) = Plbrf+3 + P2bd+4 H h Pdb 2 d+2 

= Plbd+2 + (P2 - Pl)b d +4 H r- (Pd — Pl)b 2 d+2 

= (P2 - Pi)b 2 + P2b d +2 + (P3 - P2)b d+5 H h (Pd — P2)b 2 d+2 



= [Pd - Pi)b 2 + (pd - P2)b 3 



(Pd - Pd-i)bd + Pdbd+2 



All coordinates are positive and so the set l(p) consists of d + 1 sets 
of indices, written as rows in the following matrix, 

d + 3 rf + 4 d + 5 ... 2d +2 

d + 2 rf + 4 d + 5 ... 2d +2 

d + 2 2 d + 5 ... 2d + 2 

d + 2 2 3 ... 2d + 2 



d + 2 2 3 ... d 
The corresponding parameter vectors 7 read as follows, 



-a -61 -& 2 
c' — a d — b\ — &2 
c' — a c' — b\ — b 2 



-b d 
-b d 

-b d 



d 







-d 
-61 &i - d 



c — a 



■•• c-EL^ -61 -6 2 
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where c' = c — 1. Conjecture 7.3 now implies that the signs of the 
products 

sin7r(— a) sin7r(— c)/ shi7r(a — c) 

sin7r(— c) sin7r(&i — c)/ sin7rfei 

sin n(bi — c) sin 7r(&i + fe 2 — c)/ sin nb 2 



sin7r(6! H h - c) sin^! H h 6 d - c)/ sin7r6 d 

determine the signature of the invariant Hermitean form. Let us re- 
place c by a — 6 - Suppose in addition that < 6, < 1 for j = 0, 1, . . . , d 
(by contiguity). Then the signature of the hermitian form is deter- 
mined by the signs of the numbers 



fe-i 



sm7r 



J2 b A sin?r - a +J2 b i 

j=0 / V j=0 



for k = 0, 1, 2, . . . , d. These numbers are negative if there is an integer 
q such that —a + Y^jZo bj < q < —a + X^j = o ^j- Hence the number of 

negative signs equals [— a + 2~^jLo b j\ — L — a J • Assuming < — a < 1, 
as we may, we see that the signature equals d + 1 — fi, fi where /i = 
[-a + b + ■ ■ ■ + b d \ . 

In the work of Picard [25], Terada [31] and Deligne-Mostow [9] one 
assumes the additional existence of < bd+2 < 1 (the exponent at oo 
of the multivalued differential form) such that X)f=o b i = 2 • In that 
case it follows from our consideration that the signature equals (l,d), 
as is the case in the papers just mentioned. 
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